In this paper we calculate the structure functions of one dimensional Burgers and KPZ equations with and without noise, and we interpret our findings using shocks. Most of our results are based on direct numerical simulation of the KPZ equation. Using the solution of noiseless Burgers equation we show that the exponent c q ( < |h(x+r)−h(x)| q >∝ r qcq ) of the structure function of noiseless KPZ is 1. For KPZ equation with white noise, using the well known asymptotic solution and using lattice gas model of KPZ equation, we show that c q is 1/2. The exponent for the corresponding Burgers equation is zero.
range 1/2 < ρ < 1. We have explained our findings qualitatively using shock structures.
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I. INTRODUCTION
Statistical properties of Burgers, Kardar-Parasi-Zhang (KPZ) [1] , and Navier-Stokes (NS) equations have been studied extensively. Most of the earlier calculations involved investigations of second order correlation functions. Recently, there has been a surge of interest in the study of higher order correlations and structure functions of the above equations. In this paper we have calculated the spatial structure function of KPZ and Burgers equation in one space dimension. We find that the results can be explained, at least qualitatively, using shocks present in Burgers equation. In other words, shocks play a major role in the dynamics of Burgers and KPZ equations. Our conclusions are based on partly analytic and mostly numerical results. Before going further we must add that KPZ and Burgers equations are intimately related by the relation u(x, t) = −∇h(x, t) where h(x, t)
is the height of the surface in the KPZ equation, whereas u(x, t) is the velocity appearing in Burgers equation.
In this paper we find that the structure functions, defined as S q =< |u(x + r)−u(x)| q > and T q =< |h(x + r)−h(x)| q >, have a powerlaw behavior in a range of scales. We denote the structure functions exponents of S q and T q by b q and c q respectively, i.e., S q ∝ r qbq (1)
These exponents are used to characterize intermittency [2] . If b q is constant in q, then the velocity field is a homogeneous fractal or a smooth function. On the contrary, if b q is a function of q, then the field is a multifractal [3] . Multifractal functions have bursty behaviour, a reason for them being called an intermittent function. The velocity field in fluid turbulence has been observed to exhibit multifractality [2] . Manveau and Srinivasan [2] introduced a cascade model of turbulence dissipation to model the multifractal nature of the turbulence cascade rate. They showed that the probability distribution of dissipation rate is log-normal [4] ; the deviation from gaussian is attributed to the occurrence of bursty events.
The structure function for the noiseless Burgers equation in one dimension has been solved by Gotoh [5] and Bouchaud et al. [6] . The noiseless Burgers equation can be solved exactly in limit of large time t and zero viscosity [7, 8] . The solution for velocity is a linear profile with sharp discontinuities at the shocks. Gotoh [5] found that b q = 1/q for all q > 1, indicating strong intermittency in Burgers equation. This result is due to the presence of shock discontinuities. In this paper we have generalized this arguments to arbitrary dimensions and find that for higher dimensions too b q = 1/q for all q > 1.
In presence of noise, the correlation function and structure function of Burgers equation
has been studied by Forster et al. [9] and Chekhlov and Yakhot [10] . The colored noise f (k, t) of the corresponding KPZ equation (see Eq. 6) in one dimension is specified by an exponent ρ of the equation
where k is wavenumber, and D is a constant. Chekhov and Yakhot [10] showed that for ρ = 3/2, b q ≈ 0.9/q. This result indicates the presence of intermittency in Burgers equation
for colored noise for ρ = 3/2. In this paper we have calculated the structure function of Burgers equation for 0 < ρ < 7. We find that for all ρ's greater than 3/2, b q ≈ 1/q.
Power law tail in probability density of a field also indicate existence of intermittency.
Polyakov [11] , Gurarie and Migdal [12] , and Balkovsky et al. [13] have analytically calculated probability density function of u(x) and its derivatives in Burgers equation under large scale gaussian forcing. Their method involves saddle point approximation. They find power law tail for the velocity distribution, hence demonstrate the existence of intermittency in Burgers equation.
In surface growth, Krug [14] has investigated the existence of intermittency in Das Sarma important role in the determination of these structure functions.
In our numerical studies we have also calculated the well known exponents α and β for KPZ equation with colored noise. For 1/2 < ρ < 1, our exponents differ significantly from those obtained by Medina et al.'s using dynamical RG [18] . In this paper we argue that the difference is due to the presence of shocks.
Most of our calculations in this paper has been done using direct numerical simulations based on pseudo spectral method. This method is commonly used in fluid turbulence. This method appears to perform better than finite difference, method adopted by Moser et al. [19] and Peng et al. [20] .
The outline of the paper is as follows: In section 2 we recapitulate Burgers and KPZ equations and describe our notation. In section 3, the earlier calculations of the structure function of the noiseless Burgers equation is briefly described, and the result is generalized 
where u is the velocity field, ζ is noise, λ is the strength of the nonlinear term (λ = 1 in the standard equation), and ν is the viscosity. Since we are solving this equation in one space dimension, the velocity field and noise become scalars. We assume that the noise ζ(x, t) has a gaussian distribution, and in Fourier space follow
where D is a constant. The noise has spatial correlation but no temporal correlation.
The KPZ equation is
where h(x, t) is the height of the surface profile at position x and time t, λ is the strength of the nonlinearity, ν is the diffusion coefficient, and f is the forcing function. We assume that the noise f (k, t) is gaussian and follow distribution given by 3. The fields u and h are related by u = −∇h. The constant λ can be eliminated by appropriate scaling of h. From the Eqs. (3) and (5) we can derive that
In real space the noise-noise correlation will be
where L is length of the system. Similarly for ζ we have
III. STRUCTURE FUNCTION CALCULATION FOR NOISELESS CASE
Now we attempt to calculate the structure function of the noiseless Burgers and KPZ equations. Burgers [7] solved the Burgers equation exactly at large time t when the viscosity is close to zero. The velocity profile at a given time is linear except for the sharp discontinuities at the shock positions (see Figure 1 ). The solution is
where ξ i is the position of the ith shock, and η i+1 is the position of zero velocity point between i and (i + 1)th shock. Using this solution, the structure function S q (r) can be calculated exactly [5] . Here we briefly recapitulate the arguments given by Gotoh [5] because shocks are important for our discussion. Let L be the length of the box. For our system we assume that r is much smaller than the mean shock distance. Assuming that ensemble average is same as spatial average, Gotoh obtained
where µ i is the shock strength (defined as the velocity difference across the shock) of the ith shock. Note that the second term of the equation is due to the discontinuities at the shocks.
When q > 1, the second term will dominate the first one. Hence for Burgers equation
As mentioned in the introduction, structure function is closely related to intermittency phenomenon. The exponent b q of the structure function is an indicator of intermittency.
Since the exponent b q is a function of q, Burgers equation exhibits intermittency. To get an intuitive understanding of this result, we relate the above exponent with the multifractal dimension calculated by Maneveau and Sreenivasan for the cascade model of turbulence [2] .
In the cascade model of Maneveau and Sreenivasan for fluid turbulence, the nonlinear energy flux E r is distributed unequally between two smaller eddies. The flux E r at length scale r is divided into fractions p 1 E r and p 2 E r to two smaller eddies of length r/2, and so on. The generalized dimension of the resulting multifractal is given by
The constants D q are related to the exponents of the structure function of the energy flux E q r in eddy of size r by
where the sum is taken over all the eddies at the nth stage. When p 1 = p 2 , the flux function is unevenly distributed after many bifurcations of the original eddy, and that yields bursty behavior for E r . On the contrary, when p 1 = p 2 = 1/2, E r is constant and D q = 1, and there is no intermittency. Now under the special case when p 1 → 0 and p 2 → 1, we get D q ≈ 0; under this case only one among the 2 n eddies has all the flux after n bifurcations of the original eddy. This corresponds to maximal intermittency or maximal multiscaling.
Using Eq. (5.6) of Meneveau and Sreenivasan [4] , we get
a result consistent with Eq. (12).
In Burgers equation the dissipation occurs only at the shocks, which are narrow regions.
So, as we traverse along a line, there are regions of no dissipation, then suddenly a short region with intense dissipation appears at the shocks. This is the physical interpretation of intermittency in Burgers equation. Hence noiseless Burgers equation exhibits strong intermittency, in fact maximal intermittency.
Tatsumi and Kida [8] showed that the number of shock fronts decrease with t as t −γ , where 0 ≤ γ < 1. Hence at the asymptotic state, there will be only several shocks, and the distance between the shock fronts will be of the order of box size. Hence r can be of the order of the system length at the asymptotic state, and finite size scaling will be applicable here as anticipated.
The arguments of Gotoh [5] for the computation of structure function for Burgers equation can be generalized to higher dimensions. In two dimensions the projections of the shocks will appear as shown in Figure 2 . Towards the ends (labelled as A i and B i in Figure 2 ) the shock strength tapers off and goes to zero. The thickness of the lines in the figure is proportional to the velocity difference across the shock at that position. The velocity in between the shocks is a smooth function, and the velocity between two shocks rises almost linearly.
In contrast, near the shocks the velocity variable will have a discontinuity. Therefore, as argued earlier,
where A is the area of the system, µ i and L i are the shock strength and length of the ith shock respectively, and C 1 , C 2 are constants. The first term is obtained from the integral over all the space except the boxed regions near the shocks, while the second term is due to the integral near the shocks. Essentially we obtain u(x + r) − u(x) ≈µ i in the boxed region when u(x + r) is in one side of the shock, while u(x) is on the other side of the shock. This result yields S q (r) ∝ r for q > 1. Please note that the above result is only an approximation. These arguments for two dimensions can be easily generalized to three and higher dimensions (in three dimensions, the shock regions will appear like plates). Hence, in any arbitrary dimensions, noiseless Burgers equation has
This implies that Burgers equation exhibits maximal intermittency in any arbitrary dimensions. Bouchaud et al. [6] have obtained this result in N dimensions by relating to directed polymer; their result becomes exact as N → ∞. The strong intermittency is due to the large scale singularities of the velocity field, which are concentrated in N − 1 dimension. This is unlike fluid turbulence where the singularities are vortices, a string like one dimensional structures.
We will return to Burgers equation in the next section where we introduce white noise to the equation. Now we turn to noiseless KPZ equation.
Using the fact that u(x,t) of Burgers equation is related to h(x, t) by u(x, t) = −∇h(x, t),
we can easily solve the noiseless equation in absence of noise. The height h(x, t) =
In Figure 1 we have shown h(x, t) along with u(x, t). After some algebra we can obtain structure function T q (r) for KPZ equation, which is
The solution of KPZ equation has cusps at positions where shocks appear in Burgers equation. To the structure function these cusps yield contributions proportional to r q+1 (a cusp whose nth derivative is discontinuous will yield contribution proportional to r q+n ). Hence, to a leading order, T q (r) ∝ r q . Therefore, c q = 1. Note that smooth continuous curves yield interpretation to the choice of the reader, but we restrict ourselves to the study of b q and c q .
After discussing noiseless cases, we now turn to KPZ and Burgers equation in presence of white noise.
IV. STRUCTURE FUNCTION CALCULATION WHEN ρ = 0
In this section we will calculate the structure function of KPZ and Burgers equations in the presence of white noise. We use one of the exact results of one dimensional KPZ equation.
The result states, in one dimension, the time independent (steady state) probability density function P (h(x)) is given by
(refer to review article by Halpin-Healy and Zhang [21] ). If h(x) has a gaussian distribution, then its Fourier transform h(k) also has a gaussian distribution [22] . Using this theorem and Eq. (20) we obtain
where A k is normalization constant. Hence, we find that the distribution of h k is gaussian.
Using this result we can easily show that
Even though structure function is not directly related to |h k | q , since the distribution is gaussian, we can expect that the KPZ equation does not show multiscaling.
To calculate the structure function directly, we use connection of lattice gas discrete model with the KPZ equation [23] . Briefly, every surface element of slope ±1 is mapped to a particle and hole respectively. Each site is occupied by either a particle or a hole. In simulation of KPZ equation with white noise, a site is picked randomly. If it is occupied by a particle, then the particle moves to the right crossing all the particles on the way, and then exchanges position with the first hole it encounters. On the contrary, if the chosen site is occupied by a hole, then the hole will move leftward and exchange position with the first particle it encounters. This process is continued till we reach a steady state. Note that if the choice of a site at a given time was correlated with the choice of a site at an previous time step, then it would correspond to a surface growth equation with colored noise, which will be discussed in the next section.
For the lattice gas model it has been shown that at the steady state each configuration is equally likely, and the density n(x) at any point x is uncorrelated with density at any other
The density function n(x) is related to h(x) by h(x) = − x n(x ′ )dx ′ . Hence, using the above result we can calculate the structure function, which is
Unfortunately odd order structure function cannot be obtained by this procedure. Table 2 .
Regarding Burgers equation with white noise, from Eq. (22) we find that
This result has been obtained earlier by Forster et al. [9] . Correlation function can be obtained from the above result.
Using the fact that at the steady state < |u(x)| 2 > is constant, we find
Therefore, b 2 = 0. In our numerical simulation we find that b q ≈ 0 for allq (see Table 1 ).
Hence, Burgers equation with white noise does not show multiscaling.
V. STRUCTURE FUNCTION CALCULATION WHEN ρ = 0
After the discussion on white noise we now turn to colored noise. The analytical results discussed above cannot be easily generalized to this case. So, we have investigated these cases numerically. We have solved the KPZ and Burgers equation using pseudo spectral method.
We choose this method because of its accuracy in solving nonlinear partial differential equations. This method is usually employed to solve Navier-Stokes equation in turbulent regime [25] . We solve KPZ equation in one dimension. The details of the simulation is as follows.
We consider a box of size 2π. We discretize the box into N = 682 (1024/1.5) divisions.
The equation is solved in Fourier space However, to compute the nonlinear term we go to real space then again come back to Fourier space after performing the multiplication. We time step the Fourier components h(k, t) using Adam Bashforth time marching procedure.
The initial condition is a flat surface. Two-third rule is used to remove aliasing [25] . For details of the simulation refer to Canuto et al. [25] and Verma et al. [26] . In our simulation we also add hyperviscosity term (κ∇ Table 1 .
From Table 1 In Figure 6 we have plotted S q vs r for ρ = 1.5 (q = 2, 4, 6, 8). From the figure, and Table 1 it is evident that b q ≈ 1/q, which is what one obtains for noiseless condition. This result is consistent with that of Chekhlov and Yakhot [10] . For ρ = 3 and 7 also, we find that b q is again approximately 1/q (see Figure 7 ). This result is a consequence of shocks (refer to section 3).
The above observations can be explained qualitatively in terms of shocks. When ρ is small, the noise has short range correlations (cf Eq. 9). This type of noise yields "weak"
shocks at many positions. See Figure 8 for illustration of a typical velocity pattern under steady state for various ρ's. We find that for small ρ, u(x) fluctuates violently around zero.
The deviation from the mean is small (like in random saw tooth). Due to these fluctuations, there is no buildup of correlation, hence b q ≈ 0. Note that in random walk, the two consecutive steps are unrelated, yet the deviation from the mean could be large. Due to this reason b q ≈ 1/2 for random walk, which corresponds to the exponent of h(x) of KPZ equation with white noise. This connection can be attributed to the relation h(
When ρ is large, the noise has long range correlations. Physically, large sizes of fluid parcels are moved around by long range noise. As shown in Figure 8 , there are regions where the parcels which are forced by appositely directed noise collide with each other and create "strong" shocks. Hence, for large ρ, it is not surprising that strong shocks are generated. These strong shocks determine the dynamics and exponents of the Burgers equation. Therefore, one gets b q ≈ 1/q for large ρ. From Eq. (9), change of behaviour from
. This is what we observe in our simulations.
From the above arguments it is evident that the shocks play a major role for strongly correlated noise (ρ 1.5). The structure function for these cases is the same as the one for noiseless Burgers equation. Therefore, the KPZ structure function with strongly correlated noise should also be similar to noiseless KPZ equation, i.e., c q ≈ 1 for large ρ. Our numerical simulations yield this result. See Table 2 for c q for various values of ρ. We use r in the range of 10 to 70 for calculating the exponents.
In Table 2 we also list the c q for small ρ. When ρ = 0, we find that c q ≈ 0.5, as discussed in the earlier section. As we increase ρ, c q increases as shown in the Table. At ρ = 0.5 and al. [18] and Zhang [28] . Medina et al. [18] have calculated exponent α and z defined by
using dynamical renormalization group where F 1 (u) is the scaling function. The inverse Fourier transform of the above function yields
where F 2 (u) ∝ u 2(α/z) for small u, and F 2 (u) is constant for large u.
The term α/z is denoted by another exponent called β: (< h 2 (t) >∝ t 2β for small t).
Medina et al. [18] find that
for 0 ≤ ρ ≤ (34)
The value of these exponents for several values of ρ are listed in Table 3 . The RG analysis is not extendible to ρ > 1. The exponents α and β have also been calculated by Zhang [28] by replica method and by Hentschel and Family [29] using scaling arguments, but their results do not deviate significantly from that of Medina et al. We have calculated α and β using the simulation data. We find < |h(k, t)| 2 > by averaging over 100 runs. A fit of |h(k)| 2 vs. Table 3 . In Figure 12 we plot |h(k)| 2 vs. k for ρ = 0, 0.5, 1 and 2. The lines of best fit are also shown in the figure. To calculate β we compute width at various time and average over 100 runs. We fit a straight line to the loglog plot of width vs t in the range of t = 0.0 : 2.5 and obtain β as listed in the Table 3 . In Figure 3 we have plotted width vs time for ρ = 0.
Comparison of entries of Table 2 Table 3 shows that for 0 ≤ ρ ≤ 1/2 our α and β are in rough agreement with the calculations of Medina et al. [18] . However, they deviate significantly from Medina et al.'s results for ρ > 1/2. For example, we find that for ρ = 1, our α = 1.4 and β = 0.52 in contrast to Medina et al.'s α = 1 and β = 1 for the same ρ. We find that for ρ ≥ 1, α ≈ 3/2, and β ≈ 1/2. This result again can be qualitatively argued using the shocks of Burgers equation.
As suggested in the earlier part of this section, shocks play an important role for ρ ≥ 3/2.
We conjecture that for ρ = 1, the shocks will have somewhat important contribution as well.
Therefore, from the exact results of noiseless Burgers equation (Eq. 10) α Burger can be easily calculated, and it comes out to be 1/2. From Eq. (31) and the relation u = ∇h, we get α KPZ = α Burgers + 1, that implies that α KPZ = 3/2. Hence our numerical result α KPZ ≈ 3/2 is probably consequence of the presence of shocks in Burgers equation. Our numerical simulation show that β for both Burgers and KPZ equations is 1/2.
We find that α + z ≈ 2 only for 0 ≤ ρ ≤ 1/2. However, for ρ > 1/2, this equality is not satisfied. This deviation from the equality is probably due to the shock structures. When ρ is large, the noise is strongly correlated. In this case, medium and large k noise is week, and only small k noise exists. Therefore, RG is possibly not giving correct result because RG is based on averaging over large k shells. Further numerical and theoretical investigations are required to resolve this issue.
Our numerical α and β are somewhat consistent with Amar et al. [30] , Meakin and Jullien [31, 32] , and Peng et al. [20] . Amar et al. [30] calculate α and β only for 0 ≤ ρ ≤ 1/2.
Meakin and Jullien's [31, 32] results also violate α + z = 2 condition for large ρ. They find that for ρ = 0.75, α + z = 2.37. For ρ = 1, the exponents have not been reported in their paper.
To summarize the results for colored noise, for small ρ, b k ≈ 0 and c k ≈ 1/2. However, for large ρ (ρ ≥ 1.5), b k ≈ 1/k and c k ≈ 1, indicating that "strong" shocks are present when ρ is large. Regarding KPZ equation, we find that our exponents α and β differ from those obtained by Medina et al. [18] for 1/2 ≤ ρ ≤ 1.
VI. DISCUSSION AND CONCLUSIONS
In this paper we have calculated structure function exponents for Burgers and KPZ equation with and without noise in one dimension. The structure function exponent for noiseless Burgers equation has been solved earlier by Gotoh [5] , Bouchaud et al. [6] , and others. They find that b q = 1/q in one dimension. We have argued that in higher dimension also we will get the same exponent. Comparison of the solution with the cascade model of turbulence [2] shows that the Burgers equation shows maximal multiscaling. We have used the exact solution for Burgers equation to obtain KPZ exponents and find that c q ≈ 1. We have also calculated α and β for KPZ equation in presence of colored noise. We find that our exponents α and β differ from those obtained by Medina et al. [18] for 1/2 ≤ ρ ≤ 1.
This is probably due to presence of correlated noise. The noise at large and medium k is weak. Since renormalization group calculations involve summation over large k modes, it is possible that RG procedure is not applicable for large ρ. Clarification of this important issue requires careful analytic and numerical investigations.
The main point of the paper is that shocks play a crucial role in determination of structure function of Burgers and KPZ equation. We can grossly understand the structure function for these equations in presence of colored noise using shocks. These results encourage us to explore connection between the observed exponents and inherent coherent structures. For example, it would be interesting to relate the singularities of the h(x) and u(x) profiles to the exponents b q , c q , α, β in other situations, for example, in presence of quenched disorder.
Krishnamurthy and Barma [33] find a dynamically generated pattern in ∇h, centred around the active growth site, in interface depinning model. This pattern has a power law tail.
Similar analysis as done in this paper for shocks appear to yield a connection between the exponent of this pattern and α of the interface in presence of quenched order. Also, connection of the known multiscaling in fluid turbulence to the vortex structures present in the fluid could shed important insights to our understanding of turbulence.
In this paper we have restricted ourselves to spatial structure functions only. Temporal structure function is also an important quantity which needs to investigated. Study of probability density function of u(x) and its derivatives have been of current interest. Numerical analysis of this quantity will compliment the theoretical studies done so far. It has been shown earlier that surface growth equations in presence of quenched disorder exhibits temporal multiscaling but no spatial multiscaling [16, 17] . Physical interpretation of this result in terms of structures could be interesting. Also, generalizations of our method to colored noise in time and nongaussian noise could provide important insights into the properties of nonlinear equations considered in this paper. Prabal Maiti for help in using gnuplot.
APPENDIX A: APPENDIX
In this appendix we calculate the structure function < |h(x + r) − h(x)| 2 > and
Wilkinson equation in presence of colored noise. Our arguments are simple generalization of those by Nattermann and Tang [34] , and Amar and
Family [35] . Here, we illustrate that α differs from b 2 when colored noise is present.
EW equation is given by
Above equation can be solved easily in Fourier space, which yields
Therefore, using Eq. (3) we get
Comparison of the above equation with Eq. (31) yields z = 2 and α = 1/2 + ρ.
Inverse transform of h(k, ω) yields
under the assumption that the noise is initiated at t = 0. Using this equation we can calculate the second order structure function S 2 (r, t) = |h(r, t) − h(0, t)| 2 , which is
After some algebra we obtain
where u = νt/r 2 and M(a, b, z) is confluent hypergeometric function [36] . For large t (large u), using the small z limit of M(a, b, z), the above equation can be reduced to
Since S 2 is combination of two powerlaw terms, we exponent α could lie in between 1/2 + ρ and 1. For ρ < 1/2, the first term dominates, hence, α will be closer to 1/2 + ρ in this range.
On the contrary for ρ > 1/2, the second term contributes more, hence α will be closer to 1.
It is also evident from these equations that α cannot exceed 1.
We can also get a closed form expression for width as a function of time. We assume that 2π/L ≤ k ≤ π/a, where a is the smallest scale, and L is the system size. The width is
After some algebra we get
where
Here again, we find that w 2 is combination of two terms with different power law exponents.
For ρ < 1/2, third term of the above equation will dominate, and consequently β will be closer to1/4 + ρ/2. On the other hand, when ρ > 1/2, the second term will be more important, hence β will be closer to 1/2. This also shows that β saturates at the value of 1/2.
In this Appendix we have shown that the second order structure function S 2 and the cor- Table 1 ). 
